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ABSTRACT

We study two types of vacuum wave-functions for the
SU(2) lattice gauge theory in 3+l dimensions. One trial
function is based on a mean-plaquette ansatz which is
analysed by employing a 3-dimensional Monte Carlo program
for an Euclidean SU(2) gauge theory. The second is based on
a mean—-link ansatz yhich is projected onto its
gauge-invariant component. Its numerical analysis is more
complicated and involves a chiral 8SU(2) problem with an
heat-kernel action in 3-dimensions. The results of both

trial functions lead to similar ground-state energies.
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1. INTRODUCTION

We study here two types of wvacuum wave-functions for
the 8U(2) gauge theory in 3+l dimensions. Both types of
wave functions rely on a mean-field ansatz, however one uses
a mean-plaquette description whereas the other employs a
mean~-link method.

The SU(2) problem is defined by the Hamiltonian of
Kogut and Susskindl on a 3-~dimensional lattice in space. By
using a specific ansatz for the ground-state wave-function
one reduces the problem to 3-dimensional Euclidean
statistical-mechanics. The norm of the wave-function
becomes a partition-function and the vacuum energy turns
into a certain thermodynamic quantity which may be evaluated
by numerical methods.

Such an approach has been applied to the SU(2) problem
in 2+l dimensions2 where the mean-plaquette ansatz allows
for an analytic solution. This is based on the fact that on
a 2-dimensional spacial lattice one may transform the
original link variables into independent plaguette
variables. This is no 1longer true in 3-dimensions.
Therefore the mean-plaquette ansatz which we discuss in

3,4 of the

Section 2 necessitates a Monte-Carlo calculation
3-dimensional SU(2) gauge problem.
The second ansatz which we use is the gauge-invariant

mean-link method of Ref. 5. Projecting a wave-function of

the link variables onto its gauge-invariant sector leads ¢to
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statistical mechanics of the gauge-variables defined on the
lattice vertices. The original type of ansatz for the 1link
wave-function fixes the kernel of the partition function.
In our case it is the heat-kernel action for chiral SU(2) in
3-dimensions, which we discuss in Appendix A. Its physical
consequences for our problem as well as the comparison
between this ansatz and the previous one are discussed in
Section 3. The group-theory that we need for our
calculation is developed in Appendix B.

The results are summarized in Section 4 where we
discuss also possible modifications which may improve the
structure of the wave function in the weak-coupling regime

by introducing lLong range correlations into it.

2. MEAN-PLAQUETTE METHOD

The SU(2) Hamiltonian is chosen to bel

H = ngé*’H;,_Fz(zm G,) (1

¢ %

where the basic wvariable is the 8U(2) group-element (2x2

matrix) associated with each 1link, Ul' and Up is its
path-ordered product along a plaquette: p"UIUZUBlU 1 +£

the color-electric field which is a vector in color-space

is

and a component (in the f-direction) of a vector 1in real

space. It obeys the relation
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[-E;QJ k4£’] = E?q ) (2)

£ et’
The simplest gauge-invariant ansatz for the vacuum, is

given by

Y = Z exp(;zﬁ ﬁU) (3)

The normalization factor Z is the partition function of a

3-dimensional SU(2) problem based on the Wilson-action:

Z= fﬁu eﬁZﬁU

Following Arisue et al.2 we note that the energy density can

(4)

now be written as

E(qu) (H>¢=( )(tu +§~ (5)
N,

where NP is the number of plaquettes of the three

dimensional lattice. <H> in Egq. (5) denotes the

b
quantum-mechanical average of H in the state ¥ defined by
Egq. (3), while <tr Up>Z stands for the statistical average
of tr Up using Z of Eg. (4). The latter can be calculated
numerically by Monte~Carlo techniques and thus one can

evaluate 5(92,8}. Requiring
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DEGP &, )
Qp °p*
we find the parameter B(gz) which minimizes the wvacuum
energy.
The SU(2) problem in 3~dimensions, as defined by
Eg. (4), was studied by d'Hoker3 who found the high-8

behaviour

g i 03 02 - & oo
(A UF> =~ 2 - (_S_ -~ —'—"ZFL ‘f 15 (7)

Inserting it into Eg. (5) we obtain the weak-coupling Ilimit

of our ansatz

{54: . e s g—e (&)

In the other extreme limit, the strong coupling where
g+o and B+0, one may use for comparison the single-plaquette

problem which vields

<ﬁu>

and therefore

I(z

— as p— o (9)
Iaw ’ f

§
prsp &7 g 0
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We have evaluated 6(92,8) by wusing the Monte-Carlce
program developed by M, Creutz4 for the SU(2) lattice gauge
theory. We have used an 83 lattice and changed B in steps
of 0.1. 1In order to obtain stable results it was sufficient
to use 40 iterations for each value of B; results remained
the same (within 0.5%) after 300 iterations. 1In Fig. 1 we
display the final results for E: after the minimization
procedure was carried out. For comparison we show the
results for a single plaquette problem [i.e. wusing Eg. (9)
for <tr Up>] and we see that the departure between the two
becomes appreciable bhelow g2$2.4.

The ansatz that we have used here for ¥, Eg. (3), is of
course best suited for the strong coupling region. The
analysis of the SU(2) model in 2+l dimensions2 has shown
that this ansatz 1is very stable: adding to the expcnent
terms which involve two neighboring plaguettes one finds
that they ac¢quire minute coefficients. It is however clear
that the ansatz does not display the correct physics in the
weak coupling region. It is in fact too strongly confining.
Calculating a spacial Wilson-loop one would be led to the
same result as that of a Wilson-loop in the 3-dimensioconal
theory of Eg. (4) with the relation (8) between B and g2
near g+*0. As a result it will vanish like a power as g+0
whereas one would expect it to wvanish 1like an essential
singularity at this point in 3+1 dimensions. The true
vacuum will therefore require a more complicated expression

in the weak coupling region. We will discuss possible
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modifications in Section 5.

3. MEAN LINK METHOD

5

Qur second mean—field method” is based on the use of a

link wave function ¢(U£). Taking the product over all links

Vo= T (Y,) (1)
£

ML

we obtain a state which is not gauge invariant. Projecting
this state onto its gauge invariant part, PY, we obtain a
trial wave function for the vacuum. Since P2=P its norm is

given by

2= [8u, ¥y - [0 T [y #@o706)

HL

Gi are the group elements which are introduced at every
vertex of the 1lattice. The projection operation involves
the rotation of every link element Uy by the two Gi which
are located at its two end points i=£t.

The wave function we use5 is
~ L+
b-7 e "6 (QJ’+I)1J(U£) (13)
J
which is the analog of a discrete-Gaussian, or the Villain
approximation, in the U (1) theory. Xj is the character of

the 3j-th representation of SU(2). Inserting it into

BEgq. (12) we find
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. : ~f
Z- [36, TK(G &)
= 240 UL’)
K= 2 e & @+
J

Our choice of ¢ led to K which is of the same nature. One
important property of +this K 1is that it is a positive
definite function. Therefore 2 defines a partition function
also known as the heat-kernel problem.6 This name stems from

the fact that K obeys the diffusion equation

2K =£EZK (15)

op F,’»

2 is the Laplace-Beltrami operator on the group.

where B

Z of EBg. (14) is a global-symmetry problem and
therefore has a completely different behaviour from the
local-symmetry problem of Eq. (4). The partition function
of the previous section defined a problem with no phase
transition, whereas the one used here has a continuous phase
transition. Although this transition is very smooth--as
exhibited in Appendix A~-it causes a problem because it
introduces a spurious phase transition into our analysis.

In order to obtain B{g) we have to calculate the
expectation wvalue of H., This is done by representing every
term which appears in H as an operator in the statistical

mechanics of 2. Tt is straightforward to obtain
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““W <ﬁ L K(G6.)) (o)

which is a consequence of Eg. (15)., The expectation value
of tr U = U is more complicated. It involves

integrals of the form (see Fig. 2 for notation).
Ay dy, (00 Ny ()% 6 X, () X, (U, 05y
-')(J-’(G:'U,Gl) J(c; 0.6,) % (6,4,6) X (6 06, ) (17)

Straightforward calculation shows that this integral can be
expressed in the form

- ~ ¢! G I8
;(ZV(@) (G)\iﬁ 6V (6 &) 09

where V is a 2x2 matrix defined by

(Z+1) (QJ"-H) \G'J" (¢) = ‘S(/\/”J"‘ '/L)[(J‘-H) 'XJ l@)ﬂ*:‘g/@)é’f}

e §Ggemljr e cpe§7
(19)

In the last expression we use the notation explained in
Appendix B where we develop the group-theoretical basis
needed for this calculation. Incorporating the weights

e_](:ﬁ-l)/B associated with x (U ) in our wave function (13)

we are led to define the 2x2 matrix
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- | /(!"(ﬂ) Y
A(e) =L €7 e ﬁ’)czd-roczjw (6) /K (6) (o)

=/
JJ
This allows us to express the quantum-mechanical matrix

. -1 C s
element of xl/z(UlU2U3lU ) as the statistical average

<“|”"X/ UU \l_, UA)PH") <j&ﬁ(@@ )A(gf; #)'q(@ 6. )A[G:&—')> (‘2‘)
P

using the partition function Z of Eq. (12).

We are now at the stage in which we can carry out the
calculation. Using the Monte Carlo procedure for the
heat—-kernel problem, Eq. (12}, we obtain thermalized
configurations of the vertex group elements {Gi} which can
be used to calculate the statistical averages of Eqg. (16)
and Eg. (21). We have carried out the Monte Carlo

simulation (explained in Appendix A) on a 53

lattice using
¥, the icosahedral subgroup of SU(2).7 The use of this
l120-element subgroup is essential when one encounters such
complicated expressions as Eg. (20). We found that the
plagquette~-term of Eg. (21} converges quickly to its
equilibrium limit but the electric field term, Bg. (16),
exhibits large fluctuations. This made it necessary to
perform 4000 iterations per value of A. After spanning 8 by
steps of 0.1 we performed a minimization calculation for the

enerqgy thus leading to 8(g) which is displayed in Fig. 3 and

Eig) shown in Fig. 4.
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Figure 3 shows the correspondence between B and 2/92 in
two phases of the icosahedral heat-kernel problem. Below
Bc£0.95 we find the strong-coupling phase. The kink at Bc
is a clear 1indication of the phase transition of the
underlying chiral model. 1In the range 0,95<8<2.9 we cover
0.8$2/gzsl.5 thus leading us into the weak-coupling domain.
BF=2.9 is the point where the icosahedral subgroup freezes
out and stops having the same physical features as the
continuous SU(2) theory (see Appendix A). Hence this
calculation is not applicable at 2/g2>1.5.

In Fig. 4 we display the resulting energy alongside
with the results of the mean-plaquette calculation of the
previous section. We see that in the strong-coupling regicon
both calculations lead to the same results. Turning into
the weak-coupling region the mean-link method lags behind
but at 2/9221.4 it starts taking over. Since the
calculation is no longer applicable above 2/92>1.5 we
estimated its behaviour by extrapolating fits to our
nunerical calculations of Bq. (16) and (21) from 2<B<2.8.
Our conclusion 1is that the mean-link result follows the

mean-pl agquette one for a wide range of 2/92.

4, SUMMARY AND OUTLOOK

The comparison between the mean-plagquette ansatz and
the mean-link method carried out in this paper came out in

favor of the mean-plaquette one. Not only is it much easier
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to calculate with, but its energy turns out to be lower than
the mean-1link one for most of the range over which we can
compare them. Moreover it does not suffer from a phase
transition in B therefore we are assured of its confining
nature for all g2.

It is nonetheless interesting to look at the mean-link
ansatz because the 1latter can be readily generalized to
include auark fields as dynamical variables in the
Hamiltonian. Figure 4 shows that the underlying chiral
model crosses through a phase transition at the point
92=2.5. This wvalue corresponds to the location of the
cross-over region according to the large order perturbation
calculation of EKogut and Shigemitsu.8 Hence it seems that
the occurrence of the phase transition at this particular
point is not fortultous. Nonetheless it is of course an
artifact of the mean-link method which should not survive in
an improved analysis.

The way the mean-link method may be improved was

proposed in Ref. 5. Operating on wML of Eq. (11) with

LT T Al T
, — ; / (2
4~ e *, 2

one arrives at a wave-function which includes correlations
between different links. Projecting out the gauge-invariant
component one obtains a much more complicated chiral model.
This was shown® to lead to the correct qualitative behaviour

for the U{(l) theory in 2+1 dimensions where A(LR'} became a
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propagator with a mass which vanishes in weak coupling with
an essential singularity. To repeat the same analytic
calculation for the SU({2) problem seems to be impossible.
Therefore one will have to work with a series of A(L%")
which lead to gradually more complicated calculations as
larger separations between £ and L' are allowed. Including
such larger separations one may hope to push the phase
transition point further into the weak-coupling regime so
that the whole transition region fits into one phase of the
underlying chiral model.5

The mean-plaquette ansatz has the confining nature of
the 2+1 dimensional theory and has therefore to be modified
considerably to show the right behaviour in 3+1 dimensions.
Following the 1lesson of the 2+1 dimensional analysi52 one
may conclude that adding nearest neighbor plaguettes will
slightly improve the behaviour. We would like to point out
that one can be more ambitious and study a wave function
which includes long range correlations in its exponent. Our

candidate wave function would be
1y
V-7 W{é%ﬁ%*‘i%’ﬁ% App EUY ()

The point to be stressed is that this ansatz is amenable to
numerical calculations following the line of reasoning of
Section 2. The reason is that the bilinear term 1in the
exponent can be rewritten in terms of an auxiliary plaquette

field :
¢P
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-
fﬁw, &f{'z’,?—i B & Cpg) %;,*%"’L“r tp} ~
,\,&”%,ﬁ% Apg) B Y, | (24)

Hence, with the aid of this auxiliary field, ¥ can be

written in a form which involves only a single tr UD for

every plaquette. Equation (15) may then be generalized into
a form which invol ves averages of terms like
tr Up exp(% ¢p tr Up) in a distribution of ¢ goverened by
the 3-dimensional propagator A—l(p,q). ¢p may be regarded as
a scalar field which 1is equivalent to a compound singlet
structure of the original gauge fields. TIf the ansatz (24)
describes correct features of the wvacuum then the g2

dependence of the mass in the propagator should reflect the

B—function behaviour of the continuum SU(2) theory.
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APPENDIX A: CHIRAL SU(2) PROBLEM IN 3 DIMENSIONS9

We study a lattice model which possesses a global
SU(2)xSU(2) symmetry. With each site i of a cubic lattice
we associate an element of the S8SU(2) group G(i). The
simplest action which has the correct symmetry character is

given by the nearest-neighbor interaction
A = f 2 (670) Gled)) (A1)
{ 2 E,/M A

where i refers to the lattice site and éu are the three
independent unit vectors. Viewing G as a 2x2 matrix-element
we realize that Al is defined in terms of the character of

the fundamental representation. The kernel of the

corresponding partition function

Z, - [26 e (42)

may be expanded in terms of all characters of the SU(2)

group
I ) = oy
R 5 20 IzJ-+. (P 78-(@) (A3)
J°

where I is the modified Bessel function of order 2j+1l.

2j5+1

We wish to demonstrate that the heat-kernel action that
we need for the analysis in Section 3 1is a Villain
approximation to Al. For that purpose we note that the large

B behaviour of the Bessel functions
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ﬁ'_ %P 2,40
— A4
I‘Uﬂ (ﬁ] (500 FT'F)_— < (#4)

leads to
ﬁ~i- ~ 2+
1%, (G) Z2el % o)
el e (2N XAG
o~ Bloap JZ«; S

(45)

Dropping the overall B dependent factor we are led to the

heat-kernel action

e™ =T K(67'0 Glive)) (4¢)

c',/u,
where
2+

K(6)= 2 e "F (2341 %) (A7)
J

The action Al can be easily studied by means of a
Monte-Carlo simulation, The situation is different for the
heat kernel action. First, the evaluation of the sum over
all representations of SU({2) is of course impossible in
practice. One must introduce a cutoff on the allowed values
of the "angular momentum™ j. For any given value of B we
can terminate the j series if e—2[j(j+l)]/8<<l. After the
cutoff is introduced we will have to calculate rather
complicated expressions for each 1link. Without further

approximations we would need extremely large amounts of

computer time to carry out the computation. Fortunately
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enough it is well known from Euclidean lattice gauge theory
simul ations that for not too large wvalues of B the full
SU(2) group 1is extremely well approximated by its 120
element subgroup ¥, the symmetry group of the icosaheder.7
At some large value of B the icosahedral group ceases to
reproduce SU(2), because the discrete nature of the group
forces a freezing transition.

With finite nunber of group elements the calculation is
extremely simplified because both the multiplication table
and the action can be tabulated. In order to .test the
region where the approximation by the discrete subgroup can
be trusted we have performed Monte Carlo simulation of Zl
using both the full SU{(2) group and the icosahedral
subgroup. The average action as function of B is shown in
Fig. 5. From this figqure it 1is clear that the freezing
transition occurs around BF=2.9. Below this point there 1is
excellent agreement between the full SU(2) group and its
discrete icosahedral subgroup.

On the same figure we display also the average action
of the heat-kernel problem, A2. This one is calculated by
using only the icosahedral subgroup. We see that the two
different actions are very similar for B2l.6, well below BF.
We trust the calculation for B<8F as being representative of
the full SU(2) group.

The 3-~dimensional SU(2) chiral model is expected to

10

have a continuous phase transition. Our Monte-Carlo

calculation on a 53 lattice with 1000 iterations per point
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has shown no hysteresis loop, thus supporting the
expectation of a continuous phase transition. The fact that
a phase transition does occur can be seen from Fig. 3 where
we use statistical averages defined in 22 to establish a
connection between B and the coupling constant of the
Hamiltonian of Eg. (1).

The action Ay had been previously investigated

11

numerically by Kogut et al. Although both calculations

indicate the existence of a continuous phase transition we
find ourselves disagreeing with the detailed functional

behavi our of <Al> reported by them.

APPENDIX B: AN SU(2) SUPPLEMENT

Let us represent the group element G as a 2x2 matrix

{the fundamental representation)
G:gﬂ+dj.5" (8 1)
[+
The four numbers are subject to the condition

dot &= 92+ 9" - $9.=1

thus establishing the group manifold as the unit sphere in
four dimensions S3.

Using the four-dimensional language we note that any
similarity transformation G+G11GGl leaves trG invariant and,
therefore, is equivalent to a rotation of the 3-vector a
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leaving 99 unchanged, Under such a rotation G itself
decomposes therefore into a scalar and a vector. Higher
representations of the group will have higher rank tensor
components under such similarity transformations. In fact
the highest rank tensor in the representation j should be of

order 2j following the simple sum-rule

y:
i (2h+1) = (2j+)° (33)

=5
For our purposes it suffices to consider Jjust the
scalar and vector parts of all representations. The scalar
part 1is otherwise known as the character of the

representation
%(e)-T 57 (o) 34)

It can depend only on the value go and, in fact, has to be a
polynomial of rank 23 in 95 Using the convenient notation

g,=cosa it is easy to establish that

N (e) = =3 (3%)
J s X

To find the linear combination of the matrix-elements of the

j-th representation which behaves like a vector let us take

its trace with the matrices 3(3) which define the generators

of SU(2) in the j-th representation:
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T 3@ 7Y 7@ o

ok
The wvector character 1is exhibited explicitly by 6 on the
right-hand side. oy has therefore to be a class-function,
i.e. a scalar in our terminology. 1In fact it has to be a
polynomical of degree 2j-1 in 95-
To establish the general form of p. let us note that

the Casimir of SU(2) can be written as the transverse part

of the Laplacian in the four-dimensional space spanned by

9o
colfe By, 002 _qo 2 (37)
A 4 [Cg.,( (320() + ?j"" ();'( 9-{3.{ f‘bgp Qgr)l
Requiring that both expressions (B4) and (B&6) are

eigenfunctions of A with eigenwvalue j(j+l1) and using the

constraint (B2) we find the differential equations

,[(3;,0 %} + Bgaa—%—‘ =i+ ] 'x‘). =0 (B8%)

2 dl ££ + - iy . = 0O (B
[[g,,—rl) Zg? +5‘9°&90 3 [‘Uffﬂ)] fJ 1)

This establishes that Xj and pj are the Gegenbauer

. 1 2 . 12
polynomial s C2j (go) and Czj—-l(go) respectively. In fact

ol iﬂg_ - gﬂ)/admZJ‘d—J%QU*'% (B 10)
fJ v dewx 7 i«
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The construction (B6) can be generalized to produce the
higher rank tensors by using symmetric permutations of the
generators of the group. However in our SU(2) problem, with
the particular ansatz for the wave function in terms of
group characters only, we need only the scalars ¥, and

]
., >
vectors 1gpj.
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FIGJRE CAPTIONS

Ground-state enerqgy for the mean-plaguette ansatz
(full circles) compared with the result for a
one~-plaquette problem (open circles).

Link variables (U,) and gauge-group variables (Gi)
used in Bgq. (17) to (21).

The parameter B of the mean-link ansatz which
minimizes the vacuum energy.

Comparison of the ground-state energies of our two
trial functions. The mean-link data stop at BF.
Extrapolating from lower B we expect them to follow
the trend of the mean-placquette data for lower gz.
Monte~Carlo evaluation of chiral SU(2) problems in
3 dimensions. Al is the fundamental~ representation
action of Eg. (A-1l) and A, is the heat—-kernel
action of Eq. (A-6}. A; 1is calculated for both
8U(2) and its icosahedral subgroup ¥ exhibiting a

difference between the two abowve BF22.9.
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